Monday, June 1, 2020 3 species PROOFs.mw

| 1>3 Species with Variable Parms: PROOFs;

2. > vrestart : with(plots) : with(StringTools) :
with(DEtools) : with(ColorTools) : with(plots) : with(geom3d) : with(plottools) :
with(FileTools) : with(Optimization) : with(LinearAlgebra) :
with(VectorCalculus) -
3. > FormatTime("%I:%M-%p----%d-%b-%Y"); currentdir( ); printlevel == 1 :
"10:55-AM----01-Jun-2020"

"C:\Users\nn\Documents\2 research\2017 summer non const parms\current" )

4. > ##TOP#H#
roof Theorem 1
roof Theorem 2
orolla
olutions
1g 3 What to Parms mean?
ig 4 parms set 1
to2D
ig 10
roof Theorem 4

5. > #Proofs of theorems 1& 2

6. > #H#H#HIHHE constants parms to graph 2d geometry

o v

[

F"ﬂw

oS

100U AWM —I
F

e}

7. > eqV2D := -vl +v2-U~(1 — %) =0
8. > eqU2D == -ul +u2-V(1 — kg) =0
u
eqV2D = -vi +V2U(1 — L) =0
kv
U
eqU2D = -ul +u2V(1—E)=O )
(9. > VI = solve(eqV2D, V)
10. > [imVinf:= limit(V1, U=infinity)
11. > limbhv:= limit(VI, U=:—é)
12. > [imV0 = limit(VI, U=0, right)
(Uv2 —vl) kv
Vi =
v2U
limVinf == kv
limVv =0
limV0 == —signum( vlzkv ) 00 Q)
v

> Ul = solve(eqU2D, U)
14. > [imUinf:= limit(Ul, V =infinity)
> limUu = limit(UI, V= u_I)
u2
> [imU0 = (limit(Ul, V=0, right))
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(Vu2 —ul) ku
u2 V

limUinf = ku

limUu == 0

limU0 = —signum( ul ku ) 00
u2

17. > ## Theorem 1 HHHHHHHHHHHAHHHHAHH
18. ## solve for Vstar and Ustar
V

19. > eqV3D = -vI +v2-U~(1 _E) —v34=0

Ul =

(C))

\%

20.

21.
22.
23.

eqU3D :==-ul +u2 ~V~(1 —Q) =0

ku
eqA3D ==-al +a2-V=0
Vs3D := solve(eqA3D, V)
Us3D := solve(subs(V ="Vs3D, eqU3D), U)

eqV3D = -vl +v2U(1 —%) —134=0

VVV VvV

eqU3D = -ul +u2 V(l —k—i) ~0
eqA3D := Va2 —al =0
al
D= —
Vs3 2
(al u2 —a2ul) ku

u2 al

## Theorem 2 HHHHHHAHHAHHHH
#To Showm

ku-v2 a2-ul vl - kv al ul
kv-v3 (kv al -u2 kv v2-ku a2 u2 )
##tsolve the equations for Astar,. call it Asl; then simplify

ul a2 kv vl kv al ul
g _ _ _4af | ul
v (kv u2 al kuv2 a? + u2 )

kvv3

Us3D = 5)

24.
25.
26.
27.

Astar =

vV V VvV

Astar = (6)
28.
29.
30.

Asl = solve(eqV3D, A) ;
As2 = simplify(subs([U=Us3D, V="Vs3D], Asl))
simplify(simplify(As2 — Astar))
sl = - UVv2—=Ukvv2 +kvvi
kvv3

—al’ kuu2 v2 + (v2 (kvu2 +ul) ku —kvu2 vl) a2 al — a2’ kukvul v2
u2 a2 al kvv3
0 @)

31. > #### Corollary to Theorem 2 #it#
32. > eqV2D

33. > simplify(subs([U=Us3D, V="Vs3D], lhs(eqV2D)))
34. > simplify(% —v3-As2)

vVVyv

As2 =
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v
-vI+v2U|1l——|=0
vl +v ( o )
~al* kuu2 v2 + (v2 (kvu2 +ul) ku —kvu2 vl) a2 al — a2’ kukvul v2
al a2 kvu2
i 0 ®
35. > ## Marginal analysis of theorems 1 & 2
36. > ##TS: DAZ%DU—DV
al
37. > Us3D; Vstar = —2;A3s;
a
38. > DV :=diff (Vstar, a2)
39. > DU =diff (Us3D, a2)
40. > DA = collect(simplify(diff (As3,a2)), u2)
41. > (%DU—DV—DA)
u
42. > eqA = DA=0
43. > alstar := (solve(eqA,a2))[1];
44. >
45. > diff (DV, a2)
al
46. >
alstar
(al u2 —a2ul) ku
u2 al
al
Vstar == ——
star ")
A3s
py=-4L
a2
ul ku
DU = -———
u2 al
DA :=10
_kvul n a_I2
u2 al a2
eqAd == 0=0
alstar = a2,
2al
a2
al
") ©)
47. > ## Solutions
48. > ##2 D problem variable parms
49. > unassign('ku'kv','v1'v2''v3"'ul''u2"'al''a2")'s")
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50. > Vdot2D :=s— -vl +v2-U- (1 —%) Vdot2D(s);
51. > Udot2D := s— -ul(s) +u2(s (1 ) Udot2D(s)
52. > ###2D equations HH#HH#HIHIH
53. > eqV2D = s—Vdot2D(s) =0;
54. > eqU2D = s— Udot2D(s) =0;
55. > UVsol := s—solve([eqV2D(s), eqU2D(s) ], [U, V1);
V
-vl 2 1 ——
vl +v U( o )
-~ul(s) +u2(s) V(l — E)
ku
eqV2D = s—Vdot2D(s) =0
eqU2D = s— Udot2D(s) =0
i UVsol := s—solve([eqV2D(s),eqU2D(s) ], [U, V1) (10)
56. > #3 D problem variable parms analytic solution
57. > Vd0t3D:=s—>—vl+v2-U-(1—%)—v3A:
58. > Udot3D := s— -ul(s) +u2(s) - ( %) :
59. > Adot3D :=s—-al(s) +a2(s)-V
60. > Vs3D = s—solve(Adot3D(s) = V) Vs3D(s)
6l. > Us3D :=s— (solve(subs(V="Vs3D(s), Udot3D(s)), U) ) : Us3D(s)
62. > Asl == s—solve(Vdot3D(s), A) :
63. > As2 = s—subs(U=Us3D(s), Asl(s)) :
64. > As3D := s—subs(V="Vs3D(s), As2(s)) :; simplify(As3D(s))
al(s)
a2 (s)
_ du (ul(s) a2(s) —u2(s) al(s))
u2(s) al(s)
1
12(s) a2(s) al(s) kvvi ( u2(s) a](s) kuv2 +a2(s) (kv (kuv2 —vl) u2(s) an
i +hkuv2ul(s)) al(s) —ul(s) a2(s)2kukvv2)
65. > Vstar := s—Vs3D(s); Ustar := s— Us3D(s); Astar := s— As3D(s)
Vstar == s— Vs3D(s)
Ustar := s— Us3D(5s)
i Astar = s—As3D(s) 12)
S expand( ku (ul a2 +u2) )
u2 al
kuul a2 ku
i u2 al + al 13)
| 66. > mt#tH#HHAHHHA GO TO TOP #it#HHHHH#
|67. > #Define parms dependent on S logistic
68 > unassign('s','Lal')mal','ca')ma2"'La2'da',Lul','cu','Lu2','du")
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69.

70.

71.

72.

> al i=s5— _if[](s—cal) :
1+e
> a2 = s—La2 — _,ffgz(g—caz) :
1+e )
> ul =s5— —rﬁzl;lll(s—cul) :
1+e
Lu2

> u2 i=s—Lul —

((mal + ma2) ema](—s—l—cal) + ma2 (s — ca2) +ema1(—s+ca1)

1+e—mu2(s—cu2) :

73. > ##First Derivative of Vstar### part I##HHHHAHEQ] 1

74. > collect(simplify( % Vstar(s) ), s)
75. > #simplify ((mal +ma2)*exp(mal*(s-ca+da)-mal *(s-ca)) +mal *exp(mal *(-s +ca))

+ma2*exp(ma2*(s-ca+da)))*Lal

mal +ma2 "2 D) [q]

81.

82.

83.

84.

85.

>

>

(14)
i La2(1+ema1(—s+ca1))2
76. > ##First Derivative of Vstar## part 2###
77. > HHHHHAAE Q 1 2HHHHHHHHHHH
78. > % jéii; ; unassign(AI(s), A2(s))
%AI(S) Al(s) (%A2(S))
- as)
A2(s) A2(s)?

;7 9. > mHHHHHHHIHIE GO TO TOP #HHHHHHIHIHIHT

| 80. > ###FIG 3 ####What do parms mean?

mul = .5; : demoml = t— _?,;:I(z—S)
1+e
0.1
mu2 ‘= 1; demom?2 := t— -mu2 (t — 5)
1 +e
cul == 10; democl = t— _,gz;Jl(z—cuI) :
1 +e
cu2 = 12; democ2 = t— _,81;}([—0142) :
1+e

unassign('s') : plot([demoml(s), demom2(s), democl (s), democ2(s) ], s=-2..20,
thickness=1[3, 1, 1, 1], legend=["m1", "m2>m1", "c1", "c2>cl"], title
= "Impact of Parameters on Logistic Equation", /inestyle = [ dash, dashdot, solid,
dot], legendstyle = [ font = [roman, 20]], titlefont = [roman, 25, labelfont
= [roman, 251])

ul == 0.5
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1
VectorCalculus-"-(ul (t + (-5)))

demoml = t—0.1-1
1+e

2= 1
1
1 + eVectorCalculuy.-‘— w2+ (-9))

cul =10
cu? =12

demom?2 = t—0.1-1

Impact of Parameters on Logistic
Equation

0.10 7 T T e e m— ——
0.09 '
0.08 -
0.07 1
0.06 1
0.05 -
0.04 //'
0.03 1 /

0.02 - 7

] /
0012~ -~ / ___________
0 5 10 15 20
S
= m] —-— m2>ml cl----- c2>cl

(86. > mHHI GO TO TOP I

87. > #####H#H##ID system

88. > unassign('s’) :
89. > el == = U(1) =ul(s)-U(1) +u2(s)-V<t)-U<t>-(1—M)
V

dt ku
90. > e2:= %V(t) =-vIl-V(t) +v2-V(t)- U(l‘)'(l - #) —Vv3-A(t)- V(1)
V(?) )
dr kv

01. > e2b = L V(1) =vI- V(1) +v2-V(1)- U(t)-(l —
(

92. > e3:= EAU) =-al(s)-A(t) +a2(s)-V(t)-A(t)
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_d __ LulU() B Lu?2 U@
el == dr U(t) [ 1o 05s+50 + (Lu2 —1 FPEERT j V(t) U(t) (1 T )
_d _ _ Y _
e2 == s V(t) vl V(t) +v2V(t) U(r) (1 o ) v3A(t) V(t)
4 _ AU
e2b = s V(t) viV(t) +v2V(t)U(e) |1 o )

_ d _ Lal A(t) B La2

o3 = g Ao =S o (a2 - T v 4w 16)
=93. > autonomous({el, e2,e3}, {U(t), V(t),A(t) }, t);
true a7

94. > # find null clines

95. > unassign('s');ncu = s—>0=-ul(s)-U+u2(s)-V-U- (1 — ki );
u
96. > ncvi=s—>0=-vI-V+v2: U'V'(l—%)—v&AV
97. > nca:=s—>0=-al(s)A+a2(s) V-4
ncu = s— 0= VectorCalculus:--"(ul (s) U) +u2(s) VU (1 + VectorCalculus:-‘-‘(U

1
1 —
ku ) )
ncv := s—0 = VectorCalculus:-*- (vI V) +v2 UV (1 + VectorCalculus:-‘—‘( V-1 é ) )

+ VectorCalculus:-*- (v3AV)
nca = s— 0 =VectorCalculus:-*-"(al (s) A) +a2(s) VA (18)
98 . > #uthtHHtHHHH GO TO TOP #H##HHHHHHHH T

99. > ## PROOF of THEOREM 4 ##

100. > ##TOP

101. > unassign('kv'ku''ul''u2''vl'v2''v3")

102. > FormatTime("%1:%M-%p---%d-%b-%Y")

103. > ## NON NORMALIZED variables CONSTANT limits

104. > #iHHHHHH#HHHH I the differential equations #i#H
105. > Vdot ==—v1-V+v2-U-V-(1 _ l)

kv
106. > Udot :=-ul-U+u2-U-V- (1 — kg)
Uu
"10:27-AM---22-May-2020"
Vdot := -vI V+v2 VU(I — l)
kv
U
Udot = ~ul U-l—uZUV(l—k—) (19)
u

=107 . > HHHEHEHHEHHEHIHIHAE the jacobian #H#HHE
108. > J:= simplify(expand(Jacobian([Vdot, Udot), [V, U]) ) ); ###tH#H#IH#IH EQ 19
109. > TJ:= Trace(J) ; #H#tH#HH#HI EQ 21
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110. > DJ:= Determinant(J); #HHHHHHIHHHHIHIHIHIH EQ 22

(Uv2—vl)kv—=2v2UV V2V (-kv+ V)
; kv kv
- w2 U (~ku+U) ku (Vu2 —ul) —2u2 UV
ku ku
77— (Uv2—v1)kl‘c)v—2v2UV+ku(VuZ—uk]u)—ZuZUV

_ 1
kv ku

+F2UVkvu2vl —Ukukvul v2 —Vkukvu2 vl + kukvul v])

DJ: (BU* 1P u2v2—U* Viou2 v2 — UV kuu2 v2 +2 UVikuul v2

111. > ###H#HHHHHHHHHAE at the origin DJ > 0#H##HHHH#
112. > DJat0 = simplify(subs(V =0, subs(U=0,DJ) ) )

113. > ####H##H the origin, TJ <O BHHHAHIHHIHHEHHAHIFH

114. > TJat0 := subs(V=0, subs(U=0,TJ) )
115. > ## at the origin, D>0, T<0 therefore stable
DJat0 == ul vl

TJat) == -ul —vl

116. > ####HHHHHAAH . nullclinesHHHHHHHAHHHHHHHHHHHH
117. > el == Vdot=0
-0

118. > e2:= Udot=0
) 0
119. > #simply by dividing eql by V and eq2 by U
120. > eql := sort( —expand( % -Simplij_‘j/( e_; ) ), [U, V] )
v

121. > eq2 := sort(—expand(k—g-simpllﬁ/(e—[i)), [, V])
u
122. > ##these do not apply at the origin since we divided by U and V

el .= -viV+v2 VU(I —

ISR

el = -ul U+u2UV(l—

eql = UV — o U+ L5 _g
v2
eq2 = UV —hu v+ LR _g
i u2
123. > ####solve Equations for Nullclines as functions of U inthe UV space

HHHEHIHERH
124. > Vncl == solve(eql, V) ; limit(Vncl, U= infinity)
#equation for NC1, limit shows it is concave
Vel = (Uv2 —vl) kv
v U

kv
125. > Vnc2 = solve(eq2, V') ; limit(Vnc2, U= ku, left)
8 of 13
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#equation for NC2, limit shows it is convex
Vac2 = - ul ku
u2 (-ku+U0U)
signum( ul ku ) 00 25)
i u2
126. > #### evaluate the jacobian at the Critical Points HHHHHHHHHHHIFHIHIH
127. > J
(Uv2—vl)kv—=2v2UV V2V (-kv+ V)
kv kv
(26)
w2 U (-ku+U) ku (Vu2 —ul) —2u2 UV
ku ku
(128. > #simplify by adding 0 to two terms. Note this applies to critical points NOT at the
origin
129. > jII = Simpliﬁ/(J[l, 17+ Zv—z-lhs(eq]))
130. > j22:= Simpli]ﬁ/(J[Z, 2]+ M )
u
v2UV
11 == -
/ v
j22 = - w2 UV 27
i ku
131. > # #H#HHH#HHHHHHH#H#H ] acobian at the non origin CPs
132. > Jep:=J:
133. > Jep[l, 1]:=j11:Jcp[2,2] :==j22:
134. > Jcp = simplify(Jcp)
_v2U0r V2V (-kv+ V)
kv kv
Jep == (28)
w2 U (-ku+U) w2 UV
ku ku
_135 . > Tcp = factor(Trace(Jcp) )
136. > ## Tcp will be negative at the CPs, ie they are sinks
or saddle points except at the origin H#H##H#H#H
UV (kuv2 +kvu2)
Tep == - 29
I cp o ot (29)
137. > DetJcp := Determinant(Jcp)
138. > ##this will be positive (ie stable) for larger U,V and negative (SP) for small values
139. > # while this confirms the result, it does not prove that the farther cp will be far
enough away from the origin to be stable.
140. > ##it would be sufficient to show that this is positive for U>UD2
141. > #since we are only concerned about the sign, we can simplify
142. > DetJcps := DetJep-lu-ky
’ N R N 4
143. > ## Note that DetJcp is increasing in U
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144.

145,
146.

>

DetJcp =

3 species PROOFs.mw

vV2UVu2 (Ukv+Vku— kukv)
kv ku
DetJcps == Ukv + V ku — ku kv 30)

unassign('ku','kv',)'vI1''v2"'ul','u2")
#find the line where the determinant of the jacobian is 0
Vdet := factor(solve(DetJcps =0, V) ); VDet := U—Vd : VDet(U)

Vnel

Vdet = - kv (-ku+ U)
ku
vd (2]
(Uv2 —vl) kv
v2U (32)
UDetl = solve(Vncl =Vdet, U) ;
# value of V where nullcline NC1 intersects Det=0
UDet?2 = solve(Vnc2 = Vdet, U) ;
# value of V where nullcline NC2 intersects Det=0
N Vv2kuvl N v2kuvl
UDetl = , -
v2 v2
UDet2 — (kvuZ +~ kvul u2 ) ku - (—kvu2 + kvul u2 ) ku (33)

150. > ###Figure 11 #HH#HHBRHHIHH

Register

kvu2 kvu2

- = J.‘h.’(_‘ _IF

m— N2 — — V=Kv —— U=Ku
U=-Fit----- J=-U1il Det=0-=--" Det2
U —n2

Der 3

;1 51. > #it will be sufficient to show that UD?2 is greater than UDI.

152. > ####Ht#Intersections of Null Clines and Det=( HHHHIHIHIHHIHHIHIH
153. > ####note thatach of these has two solutions.
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154.

155.
156.
157.

158.

159.
160.

161.

1l62.
163.
164.
165.

166.

l67.
168.

3 species PROOFs.mw

> # so for NCI we need the larger value for U in the intersection with Det=0 and
for NC2 we need the smaller value for U. So for NC1 (Ul) we take the term
with the radical positive and for NC2 (U2) we take the term with the radical

negative. Now we need to show that U2>UI.
> unassign('ku','kv','u0',v0"'ul''u2''vi''v2");
> Ul = expand(UDetlI[1]);
> U2 := expand(UDet2[2]);:

N v2 kuvl
Ul = —
v2
U2 = oy — ku~ kvul u2
kvu2

> #ttttwhen is U2 >UI?

> unassign('ku','kv','u0',v0" 'ul"'u2'\vi1','v2"'v3")
> delta := expand(kv-u2-v2-simplify(U2 — Ul))

O:=hkukvu2v2 —ku~ kvul u2 v2—v2kuvl kvu2

> ##When is delta >0 ?

> nops(delta)
> dl == op(1, delta)
> d2 == op(2, delta)
> d3 = op(3, delta)
3

dl ‘= kukvu2v2

d2 = -ku~ kvul u2 v2
d3 = -\ v2kuvl kvu2

> f2 :=fact0r(% +d2);

> f3 :=fact0r(% +d3);
> simplify( f2 + f3 — delta)

2= - g2 (chkvu2 42 Toul a2 )

2
f3==—%kvuZ(—kuv2+2\/v2kuv1)
0
- (o i) -
. > e20 (expand( Py > 0;
e20:=0<%u2—%

-sqrt(kv)

e2l =~ ul u2 <%u2\/kv

. > e22 = lhs(e2])? < rhs(e2l)?

110f13
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022 = ul u2 < % w2 kv (40)
_172 . > solve(e22, kv) assuming (u2 > 0)
{ dul kv} (41)
| u2
173 . > B HHEHHHT T R T PR D
L Wi
— /3 ) ) :
174. > e30: (expand( o2 > 0;
030 = 0 < & yp - Nv2huvl 42)
i 2 ku
175. > e31 :=-sqrt(ku)simplify(op(2, rhs(e30)), symbolic) < op(1, rhs(e30))
-sqrt (ku)
e31 =32 3T < % v2 T 43)
176. > e32:= lhs(e3])2 < rhs(e3])2
e32 :=v2vl < % v2 ku (44)
=177 . > solve(e32, ku) assuming v2 > 0
{ 4vl ku} 45)
v2

_1 T8. > sttt GO TO TOP #HHHHHHHHIHHH
| > ##Evaluate Solution of 2D problem

179. > eqV2D = -vi +v2-U-(1 —%) =0

180. > eqU2D := -ul +u2-V(1 —ij =0

eqV2D = -vl +v2U(l —%) =0
v

eqU2D = -ul +u2V(1— ku)zo (46)
=> allvalues(solve({eqU2D, eqV2D}, {V,U}))
{U= (2ku2(i U (hwkvu2 v2 + kuul v2 —kvu2 vl 7
2 kuv2

+ (ku2 P u2?v2? =2 ki kvul u2 v2* — 2 kuk* u2® viv2 + ki ul* v2*
") i)
—2kukvul u2 viv2+ kv u2 v]) —ul)v2 (kukvu2v2+kuu]v2—kvu2v]

+ (hai® * u2® v2* = 2 kil bvul u2 v2* — 2 kuko? u2® viv2 + ki ul> v2°
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1

S S S
= w2 (kukvquZ-i—kuu] v2

1/2
— 2 kukvul u2 viv2 + i’ u2* vi?) ) 1%

—kvu2 vl

+ (ku2 0 u2?v2? =2 ki kvul u2 v2* — 2 ku ko u2® viv2 + ki ul* v2*

——

1/2
2 kvl w2 viv2 + iR u? o)) ] {U=—(2ku2 (—i
2 kuv2

~kukvu2v2 —kuul v2+kvu2 vl
+ (ku2 0 u2* v2?? — 2 bl kv ul u2 v2? — 2 ku kA u2> viv2 + ki ul® v2*
2 2 21/2) ) )
—2kukvul u2 viv2+kv u2” vl ) —ul)v2 (—kukvu2v2—kuu1v2+kvu2v]

+ (ku2 0 u2* v2? — 2 ki kv ul u2 v2* — 2 ku kA u2* vi v2 + ki ul® v2*

| |

-3 m(-kukvuZVZ—kuu]VZ

12
— 2 kukvul u2 viv2 + it u2* vi?) ) y=

+kvu2 vl
+ (ku2 o u2®v2? =2 ki kvul u2 v2* — 2 ku ko u2® viv2 + ki ul* v2*

1/2
—2kukvul u2viv2 +kv2u22v]2) )}
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